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A General Theoxy of Perturbed Light Fields, With Applicstions to
Forward Scattering Effects in Beam Transmittance Measurementg*

Rudolph W, Preisendorfer
Seripps Institution of Oceanography, University of California
La Jolla, California

ABSTRACT

The problem of the measurement of the optical properties of a given
medium is complicated by the fact that the act of measurement perturbs the
distribution of rediant n.ux\in the immediate vicinity of the measuring pro-
cess, Consequently, the mmbers derived from a measurement rocess do not
faithfully reflect the inherent optical properties of the medium under study,
but rether contain along with the information sought both the effects of the
presence of the messuring a us and its characteristic. response to rediant
flux, The present note contains a,/gemral formlation of the oqntioa d'.“ J &\
trensfer for psrturbed radiance field in an arbitrery optical -d:u“ tm.
resultant theory is applied to the problem of the msasurement of the volume

attenuation Mcﬁon‘lnw in naturel

waters and the atmosphere.

<a-gastbeuien, 3:0 theory leads to several new measuring techniques ‘
«*m«hm into account the perturbation effect on the
Hhe dvne
standard measuring apparatus used for the determimation of

i 1
In addition,

the theory provides & means of estimating the relatively elusive forward

#Contributdon from the Scripps Institution of Oceanogrephy, New Series
No, + This paper represents resilts of research which has been
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scattering value M of the volume scattering function, ( . Minally,
two criteria are given for estimating the order of magnitude of the forward

=

scattering effects encountered in beam trensmittance measurements,
INTRODUCTION

It is a cardinal axiom of experimental physics that the act of observing
a given phenomencn necessarily disturbs the phenomenon wnder observation, It
follows that the "true" nature of the cbserved is irreversibly obscured by
some such disturbance generated by the observer, This axiom holds in particu-
lar in the field of experimental radiative transfer. An important illustration
of this is afforded by the experimental procedures followed in the determination
of the volume attenuation function o¢ . By way of introduction to the
present approach, the classical procedureQ for finding o¢ will be briefly
outlined, The general theory of a perturbed light field is then formulated
and applied to the case of the determimation of a¢ , which results in the
perturbed light field counterparts to the classical procedures, The theory
yields five distinct approaches to the problem of the determination of w< ,
each of which may be transformed into an experimental procedure,

The classical procedures for determining o¢ assume t.hat; the light
field is unperturbed as the probing for the relevant information goes on,
By ignoring the perturbations the investigator is rewarded with analytical
formulations of ohm-law simplicity, The price for this is paid by having
the resulting prediction curve pass unconcernedly through an array of non-
conformist data points, The two main techniques now in use may be classified

as the bright-target and dark-target techniques,



General Theory of Perturbed Light . . (3)

Figure 1 depicts the essential gecmetrical elements of each technique,
In the bright-target technique, T is a self-luminous target viewed by &
Gershun tube (radiance twter) G at a distance r, It is assumed that the target is
angularly small — in fact, of zero solid angular subtense -- when viewed at
each point of the path P between T and G, In addition, the effect of the
ambient light field is removed by either a direct shielding of P from its
surrounds or by taking the difference of the G-readings found by turning T
on and then off. The assumption is made that this on-off procedure does not
perturb the ambient light field, Finally, G is assumed to be an ideal
collector: any flux entering G and not on P is not recorded, All these
assumptions combine to reduce the general equation of transfer:

dN/dr = — N + Ny "

to the particularly simple form

dN/dF = - =N

for the radiance along P. Thus if “o and Nr are the inherent and apparent

radiances of T along P, then the operation,

(2)

on the measurable quantities r, Nr’ No is taken to yield the required value

of o¢

N ‘*’*Wwﬂ
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The dark-target approach, on the other hand, assigns zero inherent
radiance to T,. The same assumptions adopted above remain in force, In addi-
tion, P is chosen so that N, is constant along P. The solution of (1) leads
to the following operation,

(3)

on the measurable quantities Nq = N*/cL » N, and r, and is taken to
yield the required value of of .

GENERAL REPRESENTATION OF A PERTURBED LIGHT FIELD

In actuality, the placing of a target T of inherent radiance NO in the
light field perturbs the light field, Further, the target being a material
object occupies a finite volume of space so that it fills a finite subregion
= r) of direction space = as viewed at each distance r on P,
From this vantage point, the yrresence of T causes a perturbation extending
over a subset =, (t)of = . FPFinally, the Gershun tube, being a
material object of finite dimensions, will also contribute its share to the
perturbation and, in addition, will record flux entering G which is not strictly
on P; the collection of such directions which carry acceptable flux will be

denoted in general by :5:3(1—') .

Viith these observations in mind, the general equation of transfer is

transformed to the following exact form for the new context:
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4 ]
aNCRE) _ L N + NS Ter gy 80 ol )
dr' - Tyt
+ NS @ 5550 dads)
T - E )
L[ s e 4o,
=, ()

Here, and in the sequel, the symbols N!, N denote the perturbed and unperturbed

radiance functions respectively. The equation may be rewritten more compactly

as
dN‘(rlti) - - ¢I(r‘) N'(Pl)s)
dr’ h
+ [ [wengn-nem]ee i pdag)
Zplt)
-+ N*(V')E) 9
(&)
where
(H) = et(r) - Ty 8550 dalfy,
ra(f" -~
and

Ny (F', §) = S'_:_N(r'.’_{')o‘(r';j_';_f) o N(3§').

This is the general equation of trensfer for a perturbed 1ight field.
Its domain of applicability is quite wide. The notion of Gershun tube is

here intended to cover all types of radiance detectors, including such organic

PN M%D
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detectors as human eyes. Since all material radiance detectors occupy finite
regions in space, they always give rise to a perturbed of , namely the o ’
of (4). In view of this fact one can raise the question: is it meaningful
to talk about a "true o¢ " in practical contexts? Any op rational procedure
designed to determine the o¢ of a medium must necessarily be made thro'gh

the intermediation of 2 physical recording apparatus. It is, therefore, meaningful to
talk or think only about the oL’ for that instrument, or collection of o¢’

values relative to a given collection of radiance detectors, The "true a "

is therefore a constitutive rather than an operational definition, a useful

fiction about which one may conveniently cluster for reference the operationally

obtainable o< ’ values,

The problem of the determination of ¢ is intimately comnected with
the determination of the forward scattering values Qo(F' )= 0 (F'; 35 3)
of the volume scattering function @ . Here again the physical limita-
tions of the relevant instruments, in this case the nephelometers, prevent
an exact determination of @5 (F’) . Even if the instrument could,
by some clever ruse, be forced to look directly down the path to the primary
source, what principle will allow the separation of the so-called forward
scattered flux from the unscattered,tranamit ted flux? This raises the ques-
tion: is such an attempted separation meaningful in practice? The ansver,
clearly, is that it is not, But yet, even with strict experimental justifi-
cation absent, there appears to be some unavoidable compulsion to conceptually
decompose the forward flux, The motivation for such a procedure is apparently
an esthetic requirement: one in which the gap in the experimental definition
of the @ function be closed by the inclusion of the values o (') o

BT S
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The desirability of obtaining of and 0° stems from the fast that
they are important constitutive constructs which help bring order amd
completeness into the classification and theoretical study of turbid medis,
It is with this in mind that the hunt for o and @, 4is carried out in the
sequel,

From the preceding observations, it is seen that even on a phememenclo-
gical (or maerossopie)” Jewdl, the study of light is beset by limitations
on the exact expesrimental determinations of the three basic notioms: N, o ,
and 0 ., The seeming indeterminacy of N may be sideestepped in prineiple
by defining N operationally as the appsrent limit of & seuence {N,} of
radianse funetions given by a sequence of radismce meters which approaches as
.nmcmmon(n‘-o ) redianse meter, The values of ot ad T3
however, are more elusive; their operational definitions are subject, in the
sense explained above, to a more fundamental difficulty. Some ways in which
this difficulty can be oversome on a prestisal level are eonsidered below;

LIMBARYZED REPRESENTATION OF SLIGHTLY PERTURBED LIGHT FIRLDS

As an {llustration of the use of the general representation of a perturbed
light fisld, we reconsider the problem of experimemtally determining the
volime sttemuation funetion ¢ « The diseussions which follow apply to
arbitrary optical media, e.g., natural hydrosols or asrosols, The equipmems
used in the classical procedures have been designed s0 as to minimise, within
reasonable limits, the indueced perturbations. As a result, relatively small
(but yet detectable) perturbations are eneountered, A useful festure of these
slight pesrturbations is that they may be represented by certain linearisation
conditions imposed on the general strusture of (4). We assemble the three

conditions for a lipsarly pertyrbed light fisld bDejows
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(1) The functions @'Crf§; +) and O°(F - ;§) are constant over X (r)
and =, (F') , respectively, for each r ,08 F's I . Both have the fixed
value @ = a-(r's §;5)

(i1) N'C*', )  and N(F'y*) ape constant functions over =p(r) for
each r' ,U€F'EF | the fixed values will be denoted by N'(F')and N(F') respectively,
(1ii) 3'("')' 4 (F') for each r', OS r'& .
Under these assumptions the general equation (4) is transformed into the
following relatively simple structureg

du—::‘:) = [-ot+ o (gt 4 Q) T NGF) = NCP) T £ )+ N (F)
(5)

where Dy = stu.’d.ﬁ(i) y =)= f?t(”d.ﬂ.‘” ’

the general solution of which is readily obtained:

’-
N = T N0 + (T) S [ Ne(h) = G0 rING)] T d';('é)

TL. = exp { | S:.nawwr' * f:ntmaw] }

(7

The resulting formulations point the way to several novel measuring techni-
ques for of .+ While the formulations are admittedly approximste in the semse
made clear above, they take due cognizance of the major features of a perturbed
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light field and the non-ideal charecter of real Gershun tubes, In this way

an essential advance beyond the classical procedures seems possible, Despite
the simplified character of the linear theory, its resultant formulations lie
Just on this side of practical utility., That is to say, within the present
experimental framework, the alightést relaxation of the linearizing conditions
pushes the resultant theory beyond the borderline of reasonable tractability.
However, this observation must be qualified when it comes to using more general

approximations based on (4) as a theoretical tool,
APPLICATICNS
Bright-Target Technique

For the case of the bright-target technique, (6) takes a perticularly
simple form which is based on the following considerations: (i) The realisa-
tion of the bright-target technique in practice is in t.he' form of a so-called
ou~meter (a beametrensmittance metet) which consists essentially in the
optical system depicted in Figure 2, The most important feature for the
present discussion is the condition .ﬂ»,("’: .ﬂgdbhich this optical system
imposes on the two solid angles defined in the general theory. This follows
from the effective placement of the source at the focal point of lens A ®0
that the source is essentially imaged on lens B, Thus the solid angle L1, "
(or Q14(r")) is necessarily the solid angle subtended by the farthest leme
from the point r', (ii) The path P between A and B has been designed so as
to be shielded from the surrounding natural light field, From this, it
follows that N, (r')=N(F')*0 on P, With these observations, (6) reduces to
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Ntk = T N0),

so that

N'(P)/N'(O) = 'r|_’ = eXp { -l + 2w T, $C) } ®

where

gy = 2 [f -(erernt  (are(§)7)E]

and where @, is the common radius of lenses A and B, For ratios o-/ + £ l/ 10,

(8) may be usefully represented by the approximation

1 3
T = exp{-‘t"*-z""'os;} (9)

Either (8) or (9) show that the perturbation of the light field leads
in this case to an apparently reduced value of o as measured by the
instrument, e.g., from (9):

o’ = ot - 2w, (),

An apparent reduction of o¢ will also be found in the dark-target case,

In fact, the general equation for the perturbed light ficld shows that this
apparent decrease in o¢ is a universal manifestation treceable directly to
the simple fact that for all material Cershun tubes, and all material targets,
nﬂ(") and ), (+) are greater than zero.
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Darik-Target Technique

In this case the path is chosen so that N* and N are constant over its
extent, In fact, we set Ny=My/al = N ,and N'(0)m0. D¢CF)  and Ny+)
are no longer rigidly coupled as in the bright-target case, but now assume
the forms:

! £ - .__-t'—-——-—.
Q. aw (1 o ),

_ (¢~-¥)
Sy = ¥ - EraTan T ),

governed by obvious geometrical requirements, Hereq., and b are the radii
of the target, and photosensitive collecting disk in the Gershun tube,
respectively,

Under these conditions, (7) becomes

T;' - ezP {—“l”-‘-e"ra ¢(P’r')} ’ (10)
where
bt = 2(r-F) + b - (B2 (r-F?)E ~(atar?)id (11)
e (a'w-r")i .
and (6) becomes
v
N'CEY = Ny (7)™ L[“" T ] T, del (12)

The chore of carrying out the integration of (12) can be considerably
reduced, and the utility of (12) considerably enhanced, if the following
approximate representation of ¢f(r,r') 4is adopted:

b= b= 2 | (13)
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which follows from setting
2r'-F =-&‘4 (P-P‘)'\i -+ (a'...r")"i R

(at+ )i = k14 i(%:)‘]'l .

The justification for this may be illustrated by considering a numerical
example in which the quantities have magnitudes which are typical for dark-
target experiments, Thus let a&/F =b/f= /30 , where £=0.30 meters
is the length of the Gershun tube, and r = 10,70 meters, The graphs ¢&f Figure
3 show a plot of 2}'~F and the graph it is to approximate,

By means of (13), the form for N'C¥) becomes:

F _atCr-p')

N'(H) = Nlex,:[ewd’.(b-g;—:)][(\-e'“’)- o e Qe drd,
(1)

vwhich is still a formidable analytical haystack from which one must extract o¢

and §, . Some ways in which this may be done will now be considered.
An Outline of Possible Experimental Procedures

If T, is known and o is sought:
Experiment 1. Single use of an o¢ -meter,

Experimpent 2. Single dark-target experiment,
If both ¢ amd ¢, are sought:

Experiment 3, Two  o¢ -meters used simultaneously,
Experiment 4. Two dark-target experiments conducted simultaneously.
Experiment 5. Simultaneous «¢ -meter and dark-target experiments.
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We consider each experiment in tumm, but outline only the principle analytical
steps required in each case.

Experiment 1, The procedure is straightforward: Knowledge of N'(#)/N'(o)
and O, allows an immediate estimate of o¢ from (8), or (9). Pore~

knowledge of 0, may be obtained by using the ¢ -recovery method.l

Experiment 2, Equation (14) may be written as

N'(F) = F(ot,a, b, re,)

The function F has o{ as main agreament, witha, b, r, and ¢, as pare-
meters fixed by during a given experiment, It is therefore possible to plot
e the values F (¢, @, b, r, 0o ) (Figure 4 (a)) from which the o¢ may in

principle be found.

Experiment 3., Suppose two o« -meters, each of having a distinct ¢ -function

(equation (8)), simultaneously measure beam transmittance in a given medium,

Then, if &, , &, ; T)s Ty and T'rl, 'I"r , represant the appropriate quanti-
2

ties of each instrument, the two equations for o« and T

/
Tr‘_-expf—acl';+2,1ﬂ4';}, j-.}a’

have the solutions
d-. = ("; "\T.’-' - r. 'nT."a) a“(rlég- rlél’,

ol = (4; ln'r,.: - &, "'Tr: )/("l‘l- "'441) .

1 Preisendorfer, R. W., A New Methgg for the Determipation of the :!om ggg_gtg;-
Function, Visibility Laboratery report, Index Number NS 714-100, Contract '

NObs=~50274, Scripps Institution of Oceanography, (March, 1966).
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Experiment 4, Equation (14) is the basis for this experiment. The‘genera.l
idea is to obtain two readings of N ‘tF) from two distinct gecmetrical arrange-
ments, and then solve two simultaneous equations for o and ¢, . No
simple closed expressions for o and @, may be obtained as in Experiment 3,
Recourse to numerical solutions is the only way out. The numerical procedure
will be considerably simplified if each geometrical arrangement is so made that
b~ (4*/2F)=Q, This may be done in the following way. Let A and b be the
effective length and radius of the Gershun tube, Then the radius @ of the
dark-target is given by @ = rbk/f, where k 2 1 (i.e., k insures the fulfill-
ment of the condition that the target must at least fill the field of the
Gershun tube), Then the condition b-(a/2r)= O requires that the range

of the target be p= 28%*/b.R%,

In illustration, let b/€ = 1/30, L = 0,30 meters, Choose two kevalues, e.g.,

b=z, #,~2 . These numbers now fix @ and r for each choice of k:

k= 203/bA* = G .00 melers
Q= hb,ﬁ,/[ = 0.423 melers

Faxe 4.80 melers
Q= 0.300 meters |

Now returning to (14) in which b-(a?/2+)= O , we have for two such

experimental arrangements:
ccry= (N3-NWN)/Ng = €7

od b, -+ G~°I(0L' Q.,Pg)

- ol by

ctny = (Ng~N'm)/Ng = e + T I(et,ar, k),

o

vhere I(at,a; )= f e Do dr’! . This set of equations
-

may be rearranged to read:

-olt
C(t.Y~- @ l

CC".\ - &

I(“-Qg.n)
1=, a, k)

A () =

- ol by

= B(),
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Each side represents a computable function of o (the a, and ri being known

and fixed during the experiment). Hence both A and B can be graphed over a

certain domain of ¢o( values, If the curves are graphed over the same set of

axes (Figure 4 (b)) the point of intersection of the graphs defines the reouired
ol « (The graph of Figure 4 merely represents the idea of this solution

procedure; it need not represent an actual set of A and B graphs);

Experiment 5. Equations (8) and (14) are the basis for this experiment,
Equation (8) is solved for Jo and the resultant expression for 0, is sub-
stituted in (14). After this is done, the remaining procedure is in principle

covered by the analytical steps outlined for experiment 2,
Order of Magnitude Estimates

A given bright-or -dark~-target set up can be given a quick preliminary
analysis by means of equations which approximate (8) and (14). The appropriate
equation for (8) is given by (9). Turning to (14), we see that a lower bound
on the @, -effect may be obtained by setting £ (‘)= ()50 that (14)
reduces to

Nou.‘: N% e:!P[ZWU'o(b‘ %;)](|- e-d.’)[\ - -'"—gz.' (%)‘]' (16)

Thus if (16) predicts a measurable deviation from the unperturbed radiance

Ng (1= e *") , the actual @3-effect produces an even greater deviation

(an illustration is given below), Unfortunately, a correspondingly good upper
bound is not found in such a simple way, so that no general bracketing expression
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can be simply given for N'(F) in the dark-target case, Each problem is best
handled separately using (14),

From the preceding analyses it is evident that the ol-meter technique
appears to be the more simple to handle analytically. From (9) one can estimate
the percent difference between o/ and o’ t

/
A =100 x &=

= -0 x €T ($)%, (1)

the minus sign denoting that ol is always less than o .

To gain a rough idea of the order of magnitude of the forward scattering
effect ih a typical hydrosol and aerosol, we choose for the hydrosol: (= (.92 /
meter steradian, o = O.LOZ/meter*; and for the aerosol, 07 = 9 x 10™%/meter -
steradian, of = 32 x 10'5,'§xeterw*. The corresponding values of A for a

set of ol -meters (characterized by their a/r ratios) are given below,

a/r —A  (in percent)
Aerosol Hydrosol

1/200 0,044 0,075

1/100 0.176 0,300

1/50 0,704 1.20

1/25 2,82 4,80

1/12,5 | 11,3 19.2

#The o and (@, are associated with a wavelength of 478 mp; o and @, are
based on measurements taken by J. E, Tyler in Lake Pernd Oreille, and are repre-
sentative of moderately clear lake and near-shore ocean water. Depending on

the medium, the ratio 0 /ol may range over an order of magnitude., g, was egti~
mated using the method of reference 1,

#¥Based on Waldram's data for industrial haze, as recorded in Middleton, W.E.K.,
Tiglon Through the Atmospherce (Univ. of Torcnto Press, 1952), p. 48. Gu/ot for
clear air is on the order of a seventh of that for industrial hage, The
associated wavelength is 570 mu. @7, was estimated by extrapolation,
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We conclude with an example of the use of (16) for the case of the mresent
hydrosol. Using the set-up suggested in Experiment 4, and observing that the
path lengths were chosen so that b-(@'/2FY=0, we have:

N'CH = N.‘e‘(l-e"’“")(t- 0.040) = (o"”‘l("c_dh ), Fi = Qmeke

N () = Mz e"(n-e“’“‘)(i—o.uao) = (o-‘uwg(u-e'“"‘) , hw 4. Smeka

It appears that a definitely measurable perturbation of the light field
would be induced in the present case, Thus, same radical procedure, such as

that outlined in Experiment 4, should be followed in order to obtain an accurate

estimate of o .

E———
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SUMMARY

The general equaticn of transfer for an arbitrarily perturbed light
field is formulated (equaticn (4)). From this is deduced the linearized
equation of transfer (5) which is applicable to the study of slightly perturbed
light fields such as those induced during the measurement of the wlume
scattering function or (beam transmittance) by means of the bright-or:dark-
target technioues. The general solution (equations (6), (7)) of the
linearized equation leads to analytical expressions which may be used to
estimate the true value of o when either the bright target approach
(equation (8)) or the dark target approach (equation (14)) is used. The
general solution of the linearized equation yields in particular five possible
experimental procedures leading to an estimate of o¢ . Finally, two methods
are given (equations (16), (17)) for estimating the order of magnitude of

the forward scattering effects encountesed in beam tramsmittance measurementss
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CAPTIONS

Figure 1, Illustrating the geometry of a perturbed light field, T is a
generalized target, G rep.'esents a Gershun tube (radiance meter), Both T
and G induce a perturbation of the radiance distribution about a point P on
the path P, In the general case, T need not be on the axis of G, The sub-
regions of direction-space = about p which are occupied by the target, the

Gershun tube, and the perturbation, are indicated as shavn,

Figure 2, The optical system of a typical o -meter (beam transmittance
meter), in particular, one in which £l (t') = L14CH).

Figure 3. Illustrating an approximation which simplifies the analytical

formulation of the dark-tarket technique in typical applications,

Figure 4, Illustrating two numerical procedures for determining ol ,
(a): Experiment 2; (b) Experiment 4; For details, see text.



Figure 1

Rudolph W, Preisendorfer



Cylindrical envelope of rays

Q4= aglr)

Lens A Lens B

Focus
of A :/
’
Source ~ To Phototube
Figure 2

Rudolph W, Preisendorfer



Figure 3

Rudolph W. Preisendorfer



FMgure L

F(a,a,b,r,0,)

L -

(a)

A (@)

B(a)

Rudolph We Preisendorfer



